x1. Introduction
The study of the continuous Hochschild cohomology groups H n (M; M), n 1, of a von Neumann algebra M with coe cients in itself was begun in a series of papers 1, 2, 3, 4] by Johnson, Kadison and Ringrose. Their work was an outgrowth of the Kadison-Sakai Theorem on derivations 5, 6] which proved, in an equivalent formulation, that H 1 (M; M) = 0 for all von Neumann algebras. It was natural to conjecture that the higher cohomology groups H n (M; M) also vanish, and this was settled a rmatively for hyper nite von Neumann algebras in 4]. These authors established many general results on cohomology, some of which are reviewed below. One particular consequence is that it su ces to consider separately the cases when M is type I; II 1 ; II 1 or III in the Murrayvon Neumann classi cation scheme; the general von Neumann algebra is a sum of these four types. Since type I von Neumann are hyper nite (but by no means exhaust this class), attention has been focused on the remaining three types. Considerable progress on the problem has been made recently by the introduction of the completely bounded cohomology groups H n cb (M; M). Christensen There have been some partial results in this direction, mainly concerned with the lower order groups. The vanishing of H 2 (M; M) was proved by Christensen and the rst author for type II 1 factors with property ? (see Chapter 6 of 8]), while the same conclusion was reached for a type II 1 von Neumann algebra with a Cartan subalgebra in 10] (for n = 2) and 11] (for n = 3 and a separable predual). The von Neumann algebras having Cartan subalgebras form a rich class 12], but which does not contain the von Neumann algebra arising from the free group on two generators 13]. The main result of this paper is that H n (M; M) = 0, n 1, for type II 1 von Neumann algebras with a Cartan subalgebra and separable predual, generalizing the results of 10, 11] . Recent approaches to cohomology 8] have focused on proving that the relevant cocycles are completely bounded as multilinear maps, and this was successful in 10, 11] for the lower order groups. The principal idea of the present paper is to recognize that we need only establish complete boundedness in the last variable, a much weaker requirement.
In the second section of the paper we review the basic de nitions of cohomology theory, and we include a brief discussion of completely bounded maps. Various forms of averaging over amenable groups play a fundamental and continuing role in the theory, so we have taken the opportunity to recall the most important aspects in the third section. Theorem 3.1 shows the equivalence of several cohomology groups, Theorems 3.2 and 3.3 present useful inequalities based on the Pisier-Haagerup-Grothendieck inequality, while Theorem 3.4 concerns the existence of a projection of completely bounded maps onto the subspace of right module maps which subsequently produces cobounding maps. The last section gives a sketch of our main result, and we indicate how the previously quoted theorems can be combined with some important work of Popa 14, 15] to establish that H n (M; M) = 0 when M has a Cartan subalgebra and a separable predual. Complete details will appear elsewhere.
We refer the reader to 16] for an early survey of cohomology theory, and to a later account in 8] which contains all the necessary background material for this paper, as well as a discussion of applications.
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There is a substantial literature on completely bounded maps (see 8] and the references therein), but row bounded maps are much less studied. Nevertheless, they will play a crucial role subsequently. We note that the inequalities k k k k r k k cb We will also require the notion of multimodular maps below. If R M B(H) is an inclusion of algebras then R-multimodularity of : M n ! B(H) is de ned by the equations r (x 1 ; : : :; x n ) = (rx 1 ; x 2 ; : : :; x n ); (2:4) (x 1 ; : : :; x n )r = (x 1 ; : : :; x n r); (2:5) (x 1 ; : : :; x i r; x i+1 ; : : :; x n ) = (x 1 ; : : :; x i ; rx i+1 ; : : :; x n ); (2:6) where r 2 R and x i 2 M for 1 i n. A simple, but important consequence of the de nitions is that k is M k (R)-multimodular, for all k 1, when is R-multimodular. We recall from 1, 8] the basic de nitions of Hochschild cohomology theory. Let M be a von Neumann algebra (or C -algebra) and denote by L n (M; X) the space of n-linear bounded maps : M n ! X into a Banach M-bimodule X. The for x 1 ; : : :; x n+1 2 M. Then is an n-cocycle if @ = 0, while is an n-coboundary if = @ for some 2 L n?1 (M; X). A short algebraic calculation shows that @@ = 0, and thus coboundaries are cocycles. The cohomology group H n (M; X) is then de ned to be the space of n-cocycles modulo the space of n-coboundaries (for n 2). For n = 1, H 1 (M; X) is de ned to be the space of bounded derivations modulo the space of inner derivations. The de nition gives rise to a related family of cohomology groups by imposing further restrictions on the bounded maps. We might require ultraweak continuity (H n w (M; X)), R-multimodularity (H n (M; X; : =R)), complete boundedness (H n cb (M; X)), or any combination of these. The interplay between these various cohomology theories
gives an important tool for the determination of H n (M; X) (see Theorem 3.1).
x3. Averaging of maps
One of the earliest and most fruitful techniques in cohomology theory is to replace a given cocycle with an equivalent one which has several desirable properties. This is often achieved by averaging over a suitable amenable group G of unitary operators in the von Neumann algebra M, using an invariant mean . If is a bounded n-cocycle, we may de ne a bounded (n ? whenever x 1 2 G, and thus whenever x 1 2 B, the C -algebra generated by G. Further applications of unitary averaging lead to the conclusion that is equivalent to an n-cocycle with the property that (x 1 ; : : : ; x n ) = 0 (3:3)
when at least one of the variables is in B. As a consequence, such a is B-multimodular. b (x; y) = (bx; y) (3:5) since the last two terms in (3.4) are 0. Now let A be a C -algebra acting on a Hilbert space H, and let M be its ultraweak closure. There is a central projection z 2 A such that A z and M are isomorphic and, employing this isomorphism, M becomes a dual normal A -bimodule. Using second dual techniques, it is then possible to replace a cocycle : A n ! M by an equivalent cocycle : A n ! M which is separately ultraweakly-weak continuous in each variable. Moreover, such a cocycle extends to a cocycle : M n ! M which is separately normal in each variable. In the particular case when A = M, we conclude that each cocycle is equivalent to one which is separately normal in each variable. Now consider a hyper nite subalgebra R of a von Neumann algebra M. Since R is the ultraweak closure of an increasing family of nite dimensional subalgebras, it is possible to nd an amenable group G of unitary operators in R which generates a C -algebra B whose ultraweak closure is R. The averaging and second dual techniques can be applied in tandem to replace a cocycle : M n ! M by an equivalent cocycle which is both Bmultimodular and separately normal in each variable. Of course, is then R-multimodular by ultraweak continuity.
All the results discussed above are due to 2, 3, 4] and may also be found in Chapter 3 of 8]. They are summarized by the following theorem, which is undoubtedly the most important for cohomological calculations. are pairwise isomorphic, for each n 1.
As will be seen subsequently, this theorem gives several options for the determination of H n (M; M).
A second application of averaging over an amenable unitary group leads to a very useful inequality for bilinear maps. Grothendieck's inequality for abelian C -algebras was extended to C -algebras with the approximation property by Pisier 17] , and then to all C -algebras by Haagerup 18] where E is the tracial conditional expectation of M onto Z. The following result from 11], to which we refer for details, is a straightforward deduction from (3.9). The next result follows from (3.11) by taking y i to be x i . The crucial point is the equivalence of the operator norm and the row bounded norm, which is immediate from (3.13). x i x i ; (3:13) (ii) is row bounded, and k k k k r p 2 k k: (3:14) A non-hyper nite type II 1 von Neumann algebra will not be generated by an amenable group of unitaries, but nevertheless there is a notion of averaging which works in this situation, but only on completely bounded maps. The idea is to replace an average x 2 M: (3:19) x4. and the estimate k k p 2k k follows from Theorem 3.3 (ii) and Theorem 3.4 (ii). The equation (4.9) , with x = 1, gives = @((?1) n ) on Alg(U) n , and the same conclusion holds on C (U) n by continuity. This establishes that the restriction of to C (U) is a coboundary, as required.
